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ABSTRACT
Reinforcement learning has been applied in numerous decision-
making problems; however, it requires a careful specification of a
reward function that represents the objective of the problem. There
are many problems whose objectives are difficult to represent as a
function, and thus, it is easier to give experts’ demonstrations for
such problems. Inverse reinforcement learning can be applied to
such problems because it helps to estimates the reward function
from the expert’s demonstrations. Most of the existing inverse re-
inforcement learningmethods assume that an expert gives demon-
strations in a fixed environment, though the expert can provide
demonstrations for a specific objective in multiple environments.
For instance, it is difficult to formulate a suitable reward function
to represent car driving and the driver can give demonstrations
under multiple situations. In such cases, it is normal to use demon-
strations inmultiple environments to estimate the expert’s reward.
We formulated and proposed an algorithm for this problem based
on Bayesian inverse reinforcement learning. Experimental results
show that the proposedmethod quantitatively outperforms the ex-
isting methods.
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1 INTRODUCTION
Reinforcement learning has been widely employed in decision-
making problems such as robotics and video games [6, 8], but re-
quires a careful specification of a reward function that can appro-
priately represent the objective of a problem. There are problems
whose objectives are difficult to be represented as a function; thus
it is easier to give expert’s demonstrations in such cases. Inverse
reinforcement learning (IRL) [1, 9, 12, 14] is a powerful framework
for handling such problems because it can be used to estimate a
reward function from the expert’s demonstrations. IRL estimates a
reward that makes the expert’s policy optimal in such a way that
the expert’s policy can be achieved by learning the optimal policy
against an estimated reward.

One of the strong points in using IRL is that the estimated re-
ward function can be transferred to other environments whose dy-
namics are different from the ones demonstrated by the expert [4].
We can achieve an expert’s policy in an environment with any dy-
namics by learning the optimal policy when the IRL discovers the
expert’s reward. An adaptation to an unseen environment is re-
quired in cases such as transfer between different stages of a video

game [10], and between simulation and the real-world environ-
ment [11]. Kitani et al. [5] showed that reward transfer works for
real data. They estimated the reward function from trajectories of
pedestrians in a parking lot, and successfully predicted the pedes-
trian’s trajectory in other parking lots and sidewalks using the es-
timated reward. While the transfer of reward is useful, there is no
guarantee that IRL will discover an expert’s reward. This problem
is caused by the existence of an infinite number of rewards which
makes the expert’s policy optimal [9].

This paper presents how an expert’s data can be applied for esti-
mating transferable reward, which is not the case with most exist-
ing IRL methods. To estimate a transferable reward function, we
propose the use of an expert’s demonstrations in multiple envi-
ronments with different dynamics (e.g., different stages of a video
game) while assuming that expert’s rewards are the same across
the environments. This is motivated by an assumption that uti-
lization of expert’s demonstration in multiple environments helps
to reduce uncertainty in reward estimation caused by the existence
of multiple rewards which makes the expert’s policy optimal [9].

We formulate the problem of reward estimation from demon-
strations conducted in multiple environments using the Bayesian
inverse reinforcement learning (BIRL) framework [12]. Further-
more, we propose a Markov chain Monte Carlo (MCMC) method
for the formulated problem and show that the proposed method
has the same speed of convergence to the equilibrium distribu-
tion with BIRL setting. From the experiment conducted, we ob-
serve that that the method outperforms BIRL in the quantitative
evaluation with respect to the expected value difference [7].

2 PRELIMINARIES
2.1 Markov Decision Process (MDP)
In this section, we present the definitions used in the paper. A
finite-state Markov decision process (MDP) M = (E,R), is con-
sists of an environment E = ⟨ S, A, T , γ ⟩, and a reward R, where
S denotes a finite set of states, A denotes a finite set of actions,
T (s ′ |s,a) represents the probability of transition to s ′ ∈ S when
the agent take an action a ∈ A in state s ∈ S, γ ∈ (0, 1] de-
notes the discount factor, and reward function R : S → R speci-
fies the reward received in state s ∈ S. An agent can decide to take
an action a in state s with the probability specified by the policy
π : S × A → [0, 1].

A state value and an action value under the reward function R,
and policy π are defined as,

V π (s,R) = Eπ ,T

[ ∞∑
t=0

γ tR(st )
���st = s] (1)



Qπ (s,a,R) = Eπ ,T

[ ∞∑
t=0

γ tR(st )
���st = s,at = a

]
. (2)

The optimal policy maximizes these values, and the state value
for the optimal policy π∗ must satisfy the following expression:

V ∗(s,R) = R(s) + γ
∑
a

π∗(a |s)
∑
s ′

T
(
s ′ |s,a

)
V ∗

(
s ′,R

)
. (3)

Using the optimal state valueV ∗ defined above, the optimal ac-
tion value Q∗ can be expressed as

Q∗(s,a,R) = R(s) + γ
∑
s ′

T
(
s ′ |s,a

)
V ∗

(
s ′,R

)
(4)

Herein, we define an optimal policy for the probability distribu-
tion of reward P(R), because the proposed method can be used to
estimate the P(R). P(R) is useful because it can represent the un-
certainty in the reward estimation. A loss of policy π under the
distribution P(R) can be defined as

L
p
policy (P(R), π ) = EP (R)

[V ∗(R) −V π (R)

p

]
(5)

whereV π (R) denotes the vectorized state values of policy π under
reward R. p represents the arbitrary norm. A policy that minimizes
(5) is an optimal policy for MDP,M = (E,E[R]) [12].

2.2 Bayesian Inverse Reinforcement
Learning(BIRL)

BIRL can be used to estimate a posterior distribution P(R |D), where
D = {(si ,ai )}Ni=1 represents a dataset of pairs of state s and action
a [12]. From Bayes’ theorem, the posterior distribution can be ex-
pressed as

P(R |D) = P(D |R)
P(D) P(R). (6)

The likelihood P(D |R) denotes models using the optimal action-
valueQ∗(s,a,R), which can be expressed as Equation (4). Equation
(7) defines the likelihood P(D |R).

P(D |R) = 1
Z
exp ©«α

∑
(s ,a)∈D

Q∗(s,a,R)ª®¬ . (7)

Where Z is a partition function, and α represents a parameter that
controls the probability of taking an optimal action. α corresponds
to a reciprocal number of temperature for the Boltzmann policy.
Using Equations (6) and (7), the posterior distribution P(R |D) can
be expressed as

P(R |D) = 1
Z ′

exp ©«α
∑
(s ,a)∈D

Q∗(s,a,R)ª®¬ P(R). (8)

P(R |D) is difficult to compute because the partition function Z ′

is intractable; however, the numerator of this equation can be eval-
uated by computing optimal action values Q∗(s,a,R). Because

P(R |D) ∝ exp ©«α
∑
(s ,a)∈D

Q∗(s,a,R)ª®¬ P(R), (9)

we can sample the rewards from posterior distribution P(R |D) us-
ing anMCMCmethod. BIRL introduced anMCMCalgorithm, called

(a) Graphical model for BIRL (b) Graphical model for BIRL-MD

Figure 1: Graphical models for IRL Problems

PolicyWalk, which helps to omit the unnecessary optimal action-
value computation. This omission makes PolicyWalk more effi-
cient than the standard MCMC algorithms such as GridWalk [13].

3 BAYESIAN INVERSE REINFORCEMENT
LEARNING FOR MULTIPLE DYNAMICS
(BIRL-MD)

The Bayesian inverse reinforcement learning for multiple dynam-
ics (BIRL-MD) defines the problem of estimating the distribution
of reward from the demonstrations of an expert under multiple dy-
namics. A comparison between the of graphical models for BIRL
and BIRL-MD is presented in Figure 1.

As discussed in the previous section, BIRL involves estimating
the posterior distribution of reward P(R |D) = P(R |D, E) given an
environment E and a dataset D, which is generated by an expert in
a fixed environment E. However, the proposed BIRL-MD involves
estimating the posterior distribution of reward P(R |{(Dm, Em )}Mm=1)
given the environmentswith different dynamicsEm = ⟨S,A,Tm,γ ⟩
and a set of datasets {Dm }Mm=1 which is generated by an expert in
each environment. As shown in Figure 1, we assume that the re-
ward is independent of the environment.

The posterior distribution of the reward given the dataset of the
expert {(Em,Dm )}Mm=1 can be expressed as

P(R |{(Dm, Em )}Mm=1) =
ΠM
m=1P(Dm |R, Em )
ΠM
m=1P(Dm |Em )

P(R). (10)

Herein, we extend the optimal action value Q∗(s,a,R) shown
in Equation (7) to the optimal action-value Q∗(s,a,R, E) in order
to handle its dependence on the environment. Then, the posterior
distribution, P(R |{(Dm, Em )}Mm=1), can be expressed as

P(R |{(Dm,Em )}Mm=1) =

1
Z ′

exp ©«α
M∑

m=1

∑
(s ,a)∈Dm

Q∗(s,a,R, Em )
ª®¬ P(R).

(11)

4 PROPOSED APPROACH
Herein, we propose a method for solving the BIRL-MD problem.
We propose anMCMCmethod that enables sampling rewards from
the posterior distribution in a BIRL-MD setting. The numerator
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Algorithm 1 PolicyWalk for Multiple Dynamics

INPUT: Environments {Em }Mm=1, Demonstrations {Dm }Mm=1, Prior P(R), Step Size δ
OUTPUT: Sampled Rewards {Ri }Ni=1
1: Pick a random vector R0 ∈ R |S |/δ
2: {πm }Mm=1 ← {PolicyIteration(Em,R0)}

M
m=1

3: for i = 1 do N
4: Pick a reward vector R̃ uniformly at random from the neighbours of Ri−1 ∈ R |S |/δ
5: Compute Qπ (s,a, R̃, E) ∀{s,a, (Em, πm )} ∈ S × A × {(Em, πm )}Mm=1
6: if ∃{s,a, (E, π )} ∈ S × A × {(Em, πm )}Mm=1,Q

π (s, π (s), R̃, E) < Qπ (s,a, R̃, E) then ▷ If any policy is not optimal
7: {π̃m }Mm=1 ←

{
PolicyIteration(Em, R̃)

}M
m=1

8: Ri ← R̃ and {πm }Mm=1 ← {π̃m }
M
m=1 with probability min

{
1,

P
(
R̃, {(Dm ,Em )}Mm=1

)
P(Ri−1, {(Dm ,Em )}Mm=1)

}
9: else

10: Ri ← R̃ with probability min

{
1,

P
(
R̃, {(Dm ,Em )}Mm=1

)
P(Ri−1, {(Dm ,Em )}Mm=1)

}
11: end if
12: end for

of Equation (11) can be computed by learning the optimal action-
value Q∗(s,a,R, E) for each environment Em . This makes it possi-
ble to sample from the posterior distribution P(R |{(Dm, Em )}Mm=1)
using an MCMC algorithm.

We propose an MCMC algorithm, PolicyWalk for multiple dy-
namics (PolicyWalk-MD), which is an extension of the PolicyWalk
proposed in [12] in order to handle multiple environments. An en-
tire procedure of the PolicyWalk-MD is detailed in Algorithm 1.

PolicyWalk [12] can be used to sample rewards from P(R |D, E)
within an error limit of ϵ , in O(|S|2 log 1

ϵ ) steps. We show that
PolicyWalk-MD samples reward as fast as PolicyWalk regardless
the number of environments used for reward estimation.

Lemma 4.1. Let F be a positive real value function defined on
{x ∈ Rn | − d ≤ xi ≤ d}, where d denotes an arbitrary positive real
number. If f (·) = log F (·) satisfies

| f (x) − f (y)| ≤ αf ∥x − y∥∞ (12)
f (λx + (1 − λ)y) ≥ λ f (x) + (1 − λ)f (y) − βf (13)

for all λ ∈ [0, 1] and αf , βf , the Markov chain induced by Grid-
Walk，PolicyWalk，(and hence PolicyWalk-MD) on F rapidly mixes
to within ϵ of F in O(n2d2α2f e

2βf log 1
ϵ ) [3, 12].

Theorem 4.2. Let E = ⟨S,A,T ,γ ⟩ be an Environment, and a
prior distribution of reward P(R) is uniform, i.e., U(−Rmax,Rmax),
and posterior P(R |{(Dm, Em )}Mm=1) is defined as Equation (11). Sup-
pose Rmax = O( 1

M |D | ), PolicyWalk-MD’s sampling can be rapidly

mixed to within an error limit ϵ of P(R |{(Dm, Em )}Mm=1) in
O(|S|2 log 1

ϵ ) steps.

Proof.

f (R) = α
M∑

m=1

∑
(s ,a)∈Dm

Q∗(s,a,R, Em ) (14)

fπ (R) = α
M∑

m=1

∑
(s ,a)∈Dm

Qπ (s,a,R, Em ) (15)

where fπ is linear for vector R, and f (R) ≥ fπ (R) for arbitrary
reward R. For the action value Q(s,a,R, Em ), both

max
s ,a

Q∗(s,a,R, E) ≤
∞∑
t=0

γ tRmax =
Rmax
1 − γ (16)

and mins ,a Q∗(s,a,R, E) ≥ −Rmax
1−γ hold. Using these Equations, we

have

fπ (R) ≥ −αM |D |Rmax
1 − γ , (17)

αM |D |Rmax
1 − γ ≥ f (R), (18)

−αM |D |Rmax
1 − γ ≥ f (R) − 2αM |D |Rmax

1 − γ . (19)

By inseting Equation (17) into Equation (19), we get

fπ (R) ≥ f (R) − 2αM |D |Rmax
1 − γ . (20)

Therefore,

f (λR1 + (1 − λ)R2) ≥ fπ (λR1 + (1 − λ)R2) (21)
= λ fπ (R1) + (1 − λ)fπ (R2) (22)
≥ λ f (R1) + (1 − λ)f (R2)

− 2αM |D |Rmax
1 − γ ,

(23)

and the following conditions hold for variables in the lemma:

αf =
|f (R1)−f (R2) |
∥R1−R2 ∥∞

≤ 2αM |D |Rmax

(1−γ )O
(

1
M |D |

) = O(M |D |), (24)

βf =
2αM |D |Rmax

1−γ = 2αM |D |
O
(

1
M |D |

)
1−γ = O(1). (25)

Hence, the Markov chain induced by the PolicyWalk-MD on
P(R |{(Dm, Em )}Mm=1) mixes rapidly within an error limit ϵ of
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(c) Environment C

Figure 2: Environments and expert’s policy for the experiments. Bold lines represent the optimal action a1, and broken lines
represent other action a2. Numbers beside the lines indicate transition probability.

P(R |{(Dm, Em )}Mm=1) in a number of steps equal to

O

(
|S|2 1
(M |D |)2

(M |D |)2 log 1
ϵ

)
= O

(
|S|2 log 1

ϵ

)
. (26)

□

Notably, Rmax = O( 1
M |D | ) is not really a restriction because the

rewards can be rescaled by a constant factor after computing the
mean without changing the optimal policy. The step size δ in the
Algorithm 1 is introduced to split the real |S|-space R |S | as Grid-
Walk and PolicyWalk do [12, 13].

5 EVALUATION
5.1 Experimental Setting
In this section, we compare BIRL and BIRL-MD on a simple IRL
problem whose reward estimation is subject to uncertainties. Fig-
ure 2 presents the environments for the experiments conducted.
We set an expert’s true reward as R(s0) = R(s1) = 0,R(s2) =
R(s3) = 0.7. The bold line in the Figure 2 represents an expert’s
action which maximizes the expected discounted return. Reward
estimation is subject to uncertainty because the expert’s policies
are described using multiple reward functions. For example, in the
environment A, any reward that sets a high reward value to any
combination of s1, s3, s2 describes the expert’s policy as an expert
in this environment rounds s1, s3, and s2. The environment B and C
have difference in the transition probabilities. An expert in the en-
vironment B rounds states in order of s0, s3, and s2, while an expert
in the environment C rounds states in order of s0, s2, and s3.

We use the expected value difference（EVD）[7] for evaluating
the similarities between the estimated rewards and the expert’s
reward. EVD is a measure of how optimal the leaned policy for the
estimated reward is under the expert’s true reward. To compute
EVD, we compare the optimal policy under each estimated reward
and expert’s policy with the expected discounted reward of the
expert’s reward.

We evaluate the EVD using 100 test environments with different
transition probabilities, which the stochastic transition probabili-
ties are randomly generated using uniform distribution for each
test environments. A number of states and actions of test environ-
ments are the same as those for the training environments pre-
sented in the Figure 2. For EVD evaluation, we created a dataset
of state action pairs of the expert is generated from a Boltzmann
policy with γ = 0.95 and the temperature κ = 1/3. The dataset for
each environment comprises 30 trajectories with 10 steps, result-
ing in 300 state-action pairs in the dataset.

It is necessary to set the parameter α and a prior distribution
to be a le to estimate the reward using BIRL and BIRL-MD. In the
experiments, we set the value of α with respect to the temperature
of expert’s policy α = 1/κ = 3, because α corresponds to the re-
ciprocal of the temperature κ. The prior distribution P(R) was set
to the uniform distribution U(−1, 1). The MCMC steps, burn-in,
and the step size δ , are 2000, 200, and 0.01 respectively. We used
the mean of the sampled rewards as the estimated reward for both
BIRL[12] and BIRL-MD.

5.2 Results
The mean, standard deviation and maximum value of the EVD of
the estimated reward for BIRL and BIRL-MD are listed in a Table 1.

Method BIRL BIRL-MD(Ours)
Number of 1 2 3Environments
EVD(Mean±Std) 1.15 ± 0.89 0.17 ± 0.24 0.02 ± 0.06
EVD(Max) 3.93 1.18 0.36

Table 1: Evaluation of BIRL and BIRL-MD using EVD. BIRL
uses only one environment, while BIRL-MD uses multiple
environments for estimating the reward. The bold value rep-
resents the lowest (best) value of EVD.
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The top row in the Table 1 shows the method, while the second
row is the number of environmentsM used for estimation of pos-
terior distribution P(R |{(Dm, Em )}Mm=1). The third row shows the
mean and standard deviation, whereas the fourth row represents
the maximum value of the EVD. The EVDs are computed using the
test environments and estimated rewards. The reward is estimated
using a set of datasets {(Dm, Em )}Mm=1, which consists of dataset
from M-combination of environments shown in Figure 2. For ex-
ample, the values in the second column are computed using the
EVDs for every three rewards, and the datasets obtained from each
one of the environments A, B, and C are used exactly once to esti-
mate each reward. For the values of the third column which used
two environments, we estimated three rewards and each reward is
estimated using the datasets from a combination of three environ-
ments in the Figure 2 by considering two environments without
repetition, {A, B}, {A, C}, and {B, C}.

As the number of environments for reward estimation increases,
the mean, standard deviation and the maximum value of EVD de-
creases. Since the lower EVD value indicates better performance,
it can be said that the BIRL-MD outperforms BIRL in terms of the
similarity between estimated reward and the expert’s true reward.

6 RELATEDWORK
In this study, we focused on how to obtain a transferable reward.
Similarly, adversarial IRL (AIRL) [4] can be used to learn transfer-
able reward. They proposed estimation of state-only reward R(s)
rather than R(s,a), and R(s,a, s ′). However, AIRL estimates the re-
ward using demonstrations in a fixed environment, and it cannot
estimate the reward using demonstrations from multiple environ-
ments. Repeated IRL [2] uses demonstrations from multiple envi-
ronments, and the motivation for its use is closely related to BIRL-
MD. Repeated IRL can be used to estimate a common reward that is
shared across multiple tasks, given task-specific rewards, environ-
ments, and demonstrations. We defined the problem of reward es-
timation resulting from demonstrations in multiple environments
in a Bayesian manner. It enables us to combine prior knowledge
and evidence from the expert to derive a probability distribution
over rewards.

7 CONCLUSIONS
In this study, we formulated the problem of Bayesian inverse re-
inforcement for multiple dynamics, which estimates the expert’s
reward from demonstrations of an expert under multiple dynam-
ics, and proposed the MCMC method called PolicyWalk for multi-
ple dynamics. We compared the proposed method with BIRL [12]
using EVD [7]. Experimental results showed that the proposed
method outperforms the BIRL[12] in terms of the similarity be-
tween the estimated rewards and the expert’s true reward. Al-
though the proposed formulation can be applied applicable to envi-
ronments with continuous state and action space, the applicability
of the method with the MCMC algorithm is limited to small en-
vironments with a discrete state action space owing to the huge
computational cost involved. It is necessary to develop an algo-
rithm that can solve BIRL-MD problem in environments with con-
tinuous and large state action space, which would be the focus of
our future study.
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